Abstract 1, 2 Formation flying is a key technology for the fulfillment of next-generation remote sensing and science missions. Common requirements are an accurate knowledge of the baseline and precise control of the relative configuration. The design of the navigation and control section is therefore of capital importance and can deeply affect the actual feasibility of the mission.
INTRODUCTION
The use of linear theories in the design of guide, navigation and control systems is a common strategy in formation flying missions. As an example regarding the evaluation of the control effort, the linear quadratic regulator (LQR) theory requires the solution of Riccati' s equation in algebraic or differential form (1) for the evaluation of the K gain matrix:
K(t) = K(t)B(t)R 1(t)B (t)K(t) -K(t)A(t) -A' (t)K(t) -Q(t)
(1) Another example can be found in the estimation processes requiring the design of a linear Kalman filter (LKF): the prediction process is based on the relation (2):
Xk+l kxk (2) where 'l)k is the state transition matrix, given by (3):
)k = eAtk (3) These examples indicate the need for a system plant in the form: X = AX (4) where X = [x, y, z, x, y, z] is the state vector, and A = A(t) is the state matrix.
However, the dynamics of the formation, given by (5), are nonlinear: 
where p = Y is the vector of relative distance and 0r is the angular velocity of the reference orbit, which is coincident with the chief orbit; AP is the 1 differential perturbation term. The selected reference frame is the local vertical local horizontal (LVLH) frame, with x aligned with the orbital radius, y with the along-track direction, and z with the cross-track direction.
Actually, in a great number of formation missions the intersatellite distances are much smaller than the orbital radius. This allows for a linearization of the relative motion of the deputy satellite with respect to the chief satellite. A number of approximations are necessary to evaluate matrix A, and the performances of the above-mentioned tools (LQR, LKF) are strictly dependent on the accuracy of these linear models. In recent works [1] it has been shown that a LKF can be designed even with very rough linear dynamics, which approximates the system as stationary, but convergence is obtained only in very special cases, and it is clearly not recommended. A better approximation is obtained using the Hill-Clohessy-Wiltshire model [2] . Under the hypotheses of circular reference orbit and absence of perturbations, it is possible to write the gravity gradient such that state matrix A is a constant coefficient 6x6 matrix:
absolute effect of the disturbance on the reference orbit must be taken into account. In fact the angular velocity of the rotating orbital frame and the orbital radius ( c and r in eq. (5)) are affected by the perturbations, which produce oscillatory (due to J2) and drifting (due to drag) effects on these parameters: the overall behaviour is given by the superimposition of these two effects.
Once the reference orbit is described as affected by gravity and by disturbances, the linearized differential perturbations can be taken into account as drivers for the relative motion. The J2 gradient and the drag gradient analytical expressions, though approximated, can be introduced together or one at a time. The performance of the "J2 model" is compared to the accuracy of the model in [3] and [4] , resulting in a more reliable description of the real nonlinear motion. In a similar way, the "J2+drag model" is implemented and its performance is compared to a drag-only model (from Carter and Humi, [7] ) and to the J2 model. The cases in which the inclusion of drag is truly necessary and the accuracy of the new model are finally assessed. 
recent models, including the oblateness' effect, which can be found in the works of Schweighart and Sedwick [3] and of Vadali, Alfriend, and Vaddi in [4] . These models are compared to an alternative model (called in the following the "J2 model"), which constitutes the basis for the complete linear model taking into account both J2 and drag disturbances. ,p+ 26x,p+ 6x(6xp)+ (,xp)= vG p+vJ2 P
The scalar form of the first member is given by eq. (10). with n = 3t, ro being the initial radius. Once r and h are obtained, the angular velocity is also known by substitution of (15), (18), and (23) in (14), while its derivative can be easily evaluated, as reported in eq. (24): The state matrix can be therefore written as:
The expression of the reference orbit radius has evaluated as the sum of a keplerian (constant) part time-varying term, which is the along-radius diffe between a perturbed and a keplerian orbit. The equatic motion of a keplerian and a perturbed satellite can be w as: 
LINEAR J2 MODELS ACCURACY
The first set of initial conditions used for testing the accuracy of the "VAV", "SS", and "J2" linear models is described by:
In the HCW hypotheses (only linear gravity gradient acting) these initial conditions generate a closed relative trajectory with circular projection in the YZ plane. The benchmark relative trajectory is obtained with a nonlinear propagator with J2 perturbation given by eq. (20). The relative orbit generated by initial conditions (27) is not closed and shows a small drift, as reported in Figure 1 and The "VAV" model, the "SS" model and "J2" model are integrated from the same initial relative state, and the differences in behaviour of the three coordinated components with respect to the nonlinear propagator are reported in Figure 3 . Figure 4 shows the percentage error of the relative distance for the three linear models. In this test case the J2 model has a dynamic behaviour that is closer to the nonlinear propagator with respect to the other linear models.
A second test can be performed using the conditions for period matching supplied in [4] : where the coefficient k is given in [3] . These conditions are necessary for the periodicity of the trajectory generated by the "SS" model. However, if the same initial state is used in the nonlinear propagator, the resulting relative orbit is neither periodic nor closed. In fact, in [3] ad hoc different initial conditions for the linear and nonlinear models have been selected in order to minimize the error. In the present work, instead, the initial conditions in linear models and nonlinear propagator are assumed to be the same in order to correctly evaluate the linearization accuracy. The reference orbit is described by: Figure 10 shows the maximum percentage error over one orbital period: it never exceeds 0.036%, which can be considered quite a good result.
In recent works ( [5] , [6] This system needs some modification to be correctly implemented in the classical linear tools for control and navigation. In fact, the true anomaly 'e is the independent variable, with primes indicating the derivatives with respect to 1W; moreover, the tilde indicates that spatial coordinates have been divided by the time-varying term: 
LINEAR MODEL INCLUDING DRAG
The basis of the modification to HCW proposed by Carter and Humi [7] consists of introducing an expression for the air drag (referred to as unity mass) at the location r from the 
The CH independent variable should be switched from anomaly to time, the normalization (37) has to be taken into account, and the set of equations has to be recast in homogeneous form. Derivatives with respect to the anomaly can be written as
where the time-varying value for ox can be evaluated by means of the classical () (39) where K should be evaluated by means of (38), solved for 29(t) by integration with a homogeneous initial condition 7 0 AA. As for latter step, concerning the normalization, it is possible to state from eq.(37):
In this section the differential drag is added to the gravity gradient and the J2 perturbation. The linearized equation of motion in vector form is given by:
with X(7) unchanged. Consequently: 
The gravity gradient and the J2 gradient are given in equation (11) As previously done in paragraph 3, the attention is focused on the analytical description of the orbital parameters c, r, and h. The hypothesis is that the behaviour of these variables is given by the superimposition of the effects of J2 gradient (which causes oscillatory behaviour in r and h) and differential drag (which causes drifting effects). Regarding the radius, it is possible to write:
where rJ2is the time varying expression in equation (22).
The time derivative of this expression results in:
(60) r = J2 -e-2a0 -2a8 (-2a) co, rJ2 e-2a0
The expression for the derivative of the angular mom is evaluated as in the J2 case from h = rf0. The alon} component of the perturbation is now the sum of acceleration plus the drag perturbation, which is approximated as constant term:
where V2 = . Substituting in the expression for h we ro obtain:
Under the hypothesis of keplerian behaviour of the other orbital parameters in the integration, we have:
By substituting the expression of r, h and their time derivatives in the equations for c e co given in (14) and (23), we have all necessary elements for the desired linear model taking into account the major disturbances for LEO formation missions. The inclusion of drag effects is a worthwhile computational effort only when differential drag is a strong driver. The orbit altitude must be low enough to have a high value of air density. Moreover, the ballistic coefficients of the two members of the formation must be different, otherwise differential atmospheric drag causes negligible modifications on the relative dynamics and the J2 model provides sufficient accuracy.
As a first test for the performance of this new model, we choose again the initial conditions that in the HCW model generate a closed relative orbit with circular projection in the YZ plane, given in eq. (26).
The reference orbit is selected in order to emphasize the drag effect, and it is therefore very low:
orb. Par.=[6678, 0.0, 35°, (', (', (°] (65) A constant value of 2 10-2 kg/km3 is chosen as an approximation for the air density. In the case of equal ballistic coefficients, a = ,6, the resulting relative trajectories as evaluated by a nonlinear propagator with J2 and drag perturbation included are reported in Figure 11 . It is not very different from Figure 1 , which, however, refers to a J2-only case.
However, when the two members have different physical characteristics, the differential drag causes large drifts and cannot be neglected. Considering a deputy having a mass equal to half the chief's mass (i.e., a= ), the relative trajectories are very different from the quasi-periodic trajectories of the J2-only case, as shown by Figure 13 . In such a case, the inclusion of the drag gradient is necessary. Figure 14 reports the errors of the linear models with respect to the nonlinear propagator: the J2 model does not manage to estimate the drift, and the approximated relative state soon diverges from the benchmark propagated state. Instead, the CH model sensibly improves the performances, and the J2+drag model is able to calculate the drift and the oscillations due to both perturbations. As a confirm, another typical configuration for LEO formations is analysed, the so-called leader-follower mission. The reference orbit is the same as in the previous example, while the initial relative state is given by:
The propagation is plotted in Figure 15 for the case a =,8 and in Figure 17 for the case a = . In the first case no drift due to differential drag is visible, and in fact ( Figure  16 ) the J2 model is able to reach same accuracy as the J2+drag linear model. In the second case a large drift characterizes the relative motion, and the inclusion of the drag gradient in the linearization is necessary, as Figure 18 clearly shows. CH and J2+drag models have nearly the same performance. The inclusion of both J2 and drag perturbations does not represent a large increase in the computational cost. Table 1 H2 reports the computing times for a simulation of 15 orbital CH periods, with 1 sec step. The "VAV", "SS", "J2" and "CH" J 2+drag models have the same performances, while "J2+drag" is only slightly slower. The full propagator is much more demanding, because it requires the integration of 6 nonlinear differential equations for the chief's orbit propagation, 6 nonlinear differential equations for the deputy's orbit propagation, and the necessary operations for passing from inertial to relative coordinates. The inclusion of a differential perturbation in a linear model is performed here, taking into account both the absolute and the differential effects of the disturbance. The absolute acceleration causes the parameters of the reference orbit (coinciding with the orbit of one of the satellites) to vary with time. The angular velocity of the orbital reference frame is affected by these variations. The J2 effect causes an oscillating motion on the orbital radius and momentum, which the orbital angular velocity is dependent on. The drag produces a drift in the orbital radius and momentum, stronger for lower orbits: the overall behaviour of the reference orbit parameters is given by the overlapping of these two dynamics.
The yterm can be evaluated from the expression of the time derivative of the angular momentum: 
